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Abstract
We analyze the critical line of λφ44 perturbatively in the bare coupling λ0, by setting
the daisy-improved renormalized mass to zero. By comparing to lattice data, we can
then quantify the relation between the continuum cutoff and the lattice spacing; for
the 4-dimensional hypercubic lattice we find (Λa)C4 = 4.893. We perform a similar
analysis for λφ63, and find in 3 dimensions (Λa)C3 = 4.67. We present two theoretical
predictions for (Λa). For small λ0, both the critical line and the renormalized mass
near criticality are easily and accurately calculated from the lattice input parameters.
1Email: brahm@fermi.phys.cmu.edu
1 Introduction: The Lattice Cutoff
Placing a field theory on a lattice (of physical spacing a) provides an effective cutoff Λ ∼ 1/a,
and breaks its translational and rotational invariance. The invariance is restored in the
physics near a phase transition. By analyzing the critical line of a simple scalar theory (with
quadratic divergences), we can find the numerical value of (Λa) for that theory.
Contrary to the usual interpretation of the lattice phase transition (in which the renor-
malized mass m2 is considered fixed while a → 0), we are taking a to represent a fixed
physical distance (or scale Λ), while m2 is tuned to zero (by varying the bare mass m20,
which is a lattice input parameter). “Triviality” merely states that the renormalized λ→ 0
at the same time, which does not matter to us since our analysis uses only the bare coupling
λ0.
Once (Λa) is known, then even away from the critical point the renormalized mass m2
(at scale µ = m) can be easily calculated from the bare mass m20 [see eq. (21)]. This will
prove useful when the system is placed in a thermal bath (implemented by squeezing the
lattice in the time direction), and the symmetry that was broken at T =0 is restored at some
critical Tc. We will then know Tc as a function of the renormalized mass.
The critical line of λφ44 has been analyzed before, notably by Lu¨scher and Weisz[1, 2],
and we will treat their results as “data”. Our method, by comparison, only works for small
bare coupling (λ0 ≪ 4pi2), but is much simpler, providing comparable accuracy (in the region
of validity) from a calculation of only two diagrams with massless propagators.
2 λφ4 Theory on a Lattice
The action of a 1-component scalar field in 4 Euclidean spacetime dimensions
S =
∫
d4x
[
1
2
(∂φ)2 +
λ0
4
φ4 − m
2
0
2
φ2
]
(1)
can be put on an L4 hypercubic lattice:
Slatt =
∑
x

−2κ 4∑
µ=1
ΦxΦx+µ + Φ
2
x + λL(Φ
2
x − 1)2

 (2)
by the change of variables
Φ =
φa√
2κ
, λL = κ
2λ0, κ =
1− 2λL
8−m20a2
(3)
The “bare” couplings λ0 and m
2
0 are defined at a renormalization scale (cutoff) Λ ∼ 1/a. We
will hereafter usually set a = 1.
1
2.1 The Critical Line m20C(λ0) from Perturbation Theory
The scalar theory at a lower scale µ is approximately given by eq. (1) but with λ0 → λ,
m20 → m2. More precisely, −m2 = V ′′eff(0) and φ2min = m2/λ, where Veff is the effective
potential at scale µ and V ′eff(φmin) = 0. To 2-loop order,
−m2
=
−m20 + ✒✑
✓✏
✍✌
✎☞
+
✒✑
✓✏
✍✌
✎☞
+ · · · (4)
We have dressed propagators, but not vertices[3], to sum daisy-type diagrams; thus the two-
scoop diagram is not included because it is contained in the dressed one-scoop diagram[4].
The second-order phase transition occurs when m2 → 0:
m20C = Λ
2
[
3λ0
16pi2
− 3λ
2
0
64pi4
+
z3λ
3
0
256pi6
+O(λ40)
]
(5)
where we have included an unknown third-order coefficient z3. We fit lattice “data” for
κ(λL) from [1] to eq. (5). Specifically, the first 13 points (λ0
<
∼ 10) from their Table 1 yield
(Λa)C4 = 4.893± 0.003, z3 = 3.03± 0.06 (6)
With this value of Λ [5, 6] we have plotted in Fig. 1 the 1-loop (dashed) and 2-loop (solid)
predictions from eq. (5), along with the first 11 data points.
2.2 4-Component λφ4
A similar analysis for 4-component λφ44 theory gives, in place of eq. (5),
m20C = Λ
2
[
3λ0
8pi2
− 3λ
2
0
32pi4
+
z′3λ
3
0
128pi6
+O(λ40)
]
(7)
The first 15 points (λ0
<
∼ 12) from ref. [7], Table 1, yield
(Λa)C4 = 4.905± 0.004, z′3 = 4.20± 0.05 (8)
Using this Λ, we have plotted in Fig. 2 the 1-loop (dashed) and 2-loop (solid) predictions
from eq. (7), along with the first 12 data points. (Λa)C4 agrees well with eq. (6).
2.3 Away from Criticality
Eq. (4) can be used away from the critical line as well. For small positive (m20 −m20C) the
effect of a non-zero renormalized mass m running around the loops is negligible, and
1
χ
= V ′′eff(φmin) = 2m
2 ≈ 2(m20 −m20C) (9)
2
The susceptibility χ = L4(〈φ¯2〉 − 〈|φ¯|〉2) is measured directly on the lattice. In Fig. 3 we
plot 1/χ vs. m20 for 1-component λφ
4
4 [eq. (1)] with λ0 = 0.5 on an 8
4 lattice, and we see the
linear fit is quite good (up to about m20 = 0.5, in fact). Using lattices from L = 4 to L = 8
we found
1
χ
=
[
(2.04± 0.05) + (6± 3)
L2
]{
m20 −
[
(0.224± 0.001) + (1.00± 0.05)
L2
]}
(10)
The slope is consistent with 2 [eq. (9)], and m20C = 0.224 agrees with ref. [1] and eq. (5).
3 λφ6 Theory in 3 Dimensions
To determine (Λa)C3 we analyzed the theory[8]
S =
∫
d3x
[
1
2
(∂φ)2 +
λ0
6
φ6 − m
2
0
2
φ2
]
(11)
We chose this theory because λ0 is dimensionless, and so m
2
0/Λ
2 is again just a polynomial
in λ0. To 2 loops,
−m2
=
−m20 +
✒✑
✓✏
✍✌
✎☞✒✑
✓✏
✍✌
✎☞
(12)
so the phase transition occurs at:
m20C = Λ
2
[
15λ0
4pi4
+ z2λ
2
0 +O(λ30)
]
(13)
We could not calculate z2 because infrared divergences arise in a 4-loop diagram, though the
data will show that z2 is finite.
We performed lattice simulations for L = 5 to L = 10, using the standard Metropolis
algorithm[9, 2], and fit the broken-phase susceptibility to
1
χ
=
[
A+
B
L2
] {
m20 −
[
m20C +
C
L2
]}
(14)
The results are in Table 1, and yield
m20C = (0.84± 0.01) λ0 − (0.23± 0.03) λ20 (15)
Compared to eq. (13), this gives
(Λa)C3 = 4.67± 0.03, z2 = 0.011± 0.001 (16)
3
λ0 A B m
2
0C C
0.10 2.19± 0.04 37± 2 0.0792± 0.0012 2.19± 0.07
0.15 2.39± 0.02 21± 1 0.1220± 0.0012 2.08± 0.07
0.20 2.38± 0.04 18± 3 0.1596± 0.0016 2.13± 0.11
0.30 2.39± 0.04 14± 2 0.2313± 0.0031 2.07± 0.19
0.40 2.45± 0.02 9± 1 0.2988± 0.0017 2.08± 0.09
Table 1: 1/χ for λφ63.
4 Theoretical Predictions of (Λa)
4.1 A Geometrical Prediction
We now present a geometrical prediction for the value of (Λa) on a D=4 hypercubic lattice.
Wavevectors along a major lattice axis might see a cutoff 2pi/a, but in other directions the
distance across the hypercubic cell is r > a. Invoking rotational invariance, we calculate Λ
as the average over all directions of 〈2pi/r〉 (see Fig. 4):
(Λa)C4 = 2pi
24 4!
2pi2
∫ pi/4
0
dφ
∫ cot−1(cos φ)
0
sin θ dθ
∫ cot−1(cos θ)
0
sin2 ψ cosψ dψ
=
32
√
2
pi
sin−1(1/3) = 4.8954 (17)
which agrees well with the results eq. (6) and eq. (8).
This prediction generalizes immediately to other numbers of dimensions:
(Λa)C1 = 2pi = 6.283, (Λa)C2 = 4
√
2 = 5.657, (Λa)C3 = 6
√
2 cot−1(
√
2) = 5.223
(18)
Sadly, the predicted (Λa)C3 does not agree with eq. (16).
4.2 A Lattice Momentum Vector Prediction
Following ref. [10], the 1-loop diagram in eq. (4) can be calculated as a sum over all allowed
lattice momentum vectors (except kˆ = 0):
3λ0
∫ Λ d4k
(2pi)4
1
k2
=
3λ0Λ
2
16pi2
→ 3λ0
L4
∑
kˆ
1
kˆ2
, kˆµ ≡ 2 sin
(
pinµ
L
)
, nµ ∈
(−L
2
,
L
2
]
(19)
In the infinite volume limit this turns back into an integral
3λ0Λ
2
16pi2
= 3λ0
∫ pi d4k
(2pi)4
[∑
µ
4 sin2(kµ/2)
]
−1
(20)
4
Performing this integral (numerically) we find (Λa)C4 = 4.946, and in 3 dimensions we find
analogously (Λa)C3 = 4.989. Agreement with our empirical results is reasonable (1%) in
D=4, but again poor in D=3.
5 Results and Conclusions
Comparing the renormalization equation eq. (4) to lattice “data” for the λφ44 theory gives
(Λa)C4 = 4.893 (or 4.905 for the 4-component version), in good agreement with our geomet-
rical prediction (and fair agreement with the lattice momentum vector prediction). Similar
analysis of λφ63 gives (Λa)C3 = 4.67; here both theoretical predictions fail. It is possible
that the infrared divergence at 4 loops is affecting the O(λ0) result. We are thus uncertain
whether the geometrical prediction’s success with λφ44 is coincidental.
In addition to the work described above, we performed a few simulations of λφ43 on a
cubic lattice, for which the 1-loop diagram of eq. (4) predicts m20C = 3λ0Λ/2pi
2, and found
for that system (Λa)C3 = 4.3± 0.1. We also attempted an analysis of 4-component λφ44 on
the F4 lattice, but (somewhat disturbingly) the data in [11] did not fit eq. (5).
Given the value of (Λa)C4, we can successfully predict the critical line of λφ
4
4 theory to
O(λ20) from a very simple two-loop calculation, in which daisy-improvement of the diagrams
makes the propagators massless while leaving the couplings bare. Conversely, the data
suggests the 3-loop result should be 3λ30/256pi
6 [eq. (6)]. Even away from criticality, this
method makes the calculation of the renormalized mass from the lattice input parameters
simple [eq. (9)].
Near the critical point, the renormalized mass of the N = 1 λφ44 theory on a D = 4
hypercubic lattice (as L→∞) is
m2 ≈ m20 − (4.893)2
[
3λ0
16pi2
− 3λ
2
0
64pi4
]
(21)
We expect to be able to use this result in an upcoming lattice study of the λφ44 theory at
finite temperature. By choosing m20 a bit larger than m
2
0C , and then squeezing the lattice in
the time direction until symmetry is restored, we will be able to map out Tc(m).
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Fig. 1: N=1 λφ44 critical line in the {λ0, m20} plane: “data” and predictions.
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Fig. 2: N=4 λφ44 critical line in the {λ0, m20} plane: “data” and predictions.
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Fig. 3: 1/χ vs. m20 for 1-component λφ
4
4 with λ0 = 0.5 on an 8
4 lattice.
Fig. 4: Λ is the average of 〈2pi/r〉, shown here in 3 dimensions.
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